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G — Spaces

Let V be a vector space and G a group

Definition: we say that the map G x V=V is an_actionf

1) ¢ (e,X)=X 0 x O v where e is the identity of G.
2) ¢ (G192, X) = ¢ (91,9(92,X)) O x O v ,0g,,9,0G.

The pair (Y,p) is called a G-Space. Notatign(g, X) =gX
Definition: The set {g1G/ ¢ (g, X) =gx=x} is called subgroup of isotropy at x.

Notation G, show that it is a subgroup of G.

The set of {§1G/d(g,x)=gx=x} is called a subring.

Let

0,9, 0Gx

9,9,

$(9,9,, %) = #(9,,8(9,.X,)) =9 (9., X )= X,

Gx is not empty sincg0Gx. eZg g

plex)=x -@@gx)=x - (@ ¢ Ox Fx -¢ (Fx ¥x - gOGX

¢ :Gx-Gy ¢ @)=hgh™  h(x)=y

1- Well defnedg™ @ )=hgh™ (y)=hg k)=h &)=y

2-¢ (9,)=¢ (9,) we have to show,& g,
¢ @.)=¢ ©,)-hgh"=hgh™ - h"hgh'=h"hgh™* - gh"*'=gh™*'~ gh"h=gh"h
- 0,=0;

$(9,9,,X) =0(9,,0(9 X)) =0(9,X )= X%

Gx_is not empty sincg0Gx.  eZg

plex)=x - #(@'gx)=x - #(d@ ¢ @x )Fx -4 (dx Fx - gOGX



Definition: The set 0OV / g(X)=x, OgOG } is called the set of fixed pointsder
the action of G.

Definition: we say that an action is transitive_x, y IV gl G gx=y.

Proposition suppose is transitive. Then G= G, Ox,yOV that is any Isotropy
subgroups are isomorphic.

Proof: Sinceg is transitive therohO G such that hx=y.
Now defineg™: G, »G, given byg~ (g)=h.g.h"
Note thatg~ is well-defined that is (h.gh(y)=h(g(H(y)))=y

Show thatg~ is a homomorphism, 1-1 and onto.

¢ :Gx-Gy ¢ @)=hgh™  h(x)=y

Well definedg™ ¢ =hgh™ ¢ Fhg kK Fh &k =y

Showitis1-+¢ ¢, F¢ @, ) we have to showgg,
¢ @)=¢ @)~ hgh"=hgh™ - h"hgh*=h"hgh™* - gh*'=gh™*~ gh“h=gh™h
-0,=0,

Show it is homomorphist: o9, 9 ¢ o( @) 96 )

¢ (9.9,) = hg,gh™ =hgh™hg h™=(hgh™)(hg h™) =47(9 )47 (9 )

Show it is onto: Let gL Gy

g (y)=y - g'h(X)=h(x) - h™'g’h=h"hx - this elements Gx

¢ (9)=x

Suppose now that V has an inner product <, >. Wels#t G acts by isometridgs
< gX, gy>=<X, y>[Ix,ydVv OgOG.

Definition: let (V, ¢) and (W,y) be two G-Spaces and f-N\.

We say that f is equivariant if

fog=9gc-f OgUOG.
That is if f(gx)=g9g(fx) OxOV and gl G

A map f: V=V is said to be invariant fog=1f OgOG that is f (gx)
=f(x) Ox OV and ¢J G.



Definition: Let SU V. We say that S is invariant by the action of @{&8) L S. By
G(s) we mean G(s) = {gss00S,dg1 G}

Fixing st S, G(s) ={gslignOG } is called orbit of G at s.
Note that ife” is transitive, then the orbit of point is the emts.

Now let us consider an invariant set S, the isgtisybgroup ofk [0S and let us
assume thap is transitive on S.

Define ¢-:G/G, - SLetH denoteG, , gH — ¢(g,x,) = gx,
1-¢- is well defined. In fact if
g,H =g,H, theng” gOH and hencely, 9.0x) . 2 gX =g X

2- ¢- is onto. In fact, since is transitive, given x{dgO G such thafgx, = x
therefore-(gH) = x.

3- ¢- is 1-1, since fog,x = g,x = 9,'9,(x)=x = g,’g,0H =>gH =g H
Example: Consider the spher&'S{ xOR"/x2+x,”+...+x°=1}
Let G=SO (n)={AOM_(R)/AA =1 detA=1}

Show that G is a group.

Let A,A0G - det(A)=1det(A F 1
We have to show /A, LIG

det(A A,) = det(A ) det(A, )= X = 1. AA,0G
detl, =1 TG

if ADOG We have to show ADG
Since det(A)=1 so not zero it is invertible and &ists

A « T, an orthogonal transformation: B - R", That is <T(v), T(w)> =<v,w>
Ov,w,0R" that preserves orientation.

Properties of Orthogonal Transformations:

1)- T Maps orthonormal bases onto orthonormal bases



1 1

X X
the change of coordinates matrix of TAs| ... .. ...|and its transpose is
A=| .. .. ..| xnotethat A AA"A=|

X ..xX

Define now the actiop: SO(n) x $'— S by ¢(A, X)=AX u— S"*
Show thatp is an action.

We show now thap is transitive that is , givern v S there exists a matrix C
0 SO(n) such that Cyeu,

1

Note that A}, | = A.e;=u; and B.g=v;, therefore &B™*v; — A.ei=A Bt v, =y,
0
0

Conclusion: det(AB)=1?? We take C= ABL SO(n).
Now we find the isotropy subgroup of0,0,..0,1),G, .
0
Let H={A LSO(n)/A A | ,AO0MN-1)}
o .-~ 1
We know that H1 G, . In order to prove thaG, UH, we consider

O a'1n 0
A=(ay) A.|9|= |2n|=| 0|~ g,=0 for i<n and a~=1
1 a 1

nn

We also have that A'al— Zn:aji =1Since a,~1— &,=0 for all i<n.

i=1



0
Therefore A{ A Q]Since det A= deA” , we get that den =1
o -

1
0
A A" ;} =l — A".A"'is the (n-1) x (n-1) identity matrix.

Note also that A.A:[
0 1

O(n)

So A"0SO(n). We can write"S=
O(n-1)



